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We investigate the robustness against disorder of superconductivity in multiband systems where
the fermions have four internal degrees of freedom. This permits unconventional s-wave pairing
states, which may transform nontrivially under crystal symmetries. Using the self-consistent Born
approximation, we develop a general theory for the effect of impurities on the critical temperature,
and find that the presence of these novel s-wave channels significantly modifies the conclusions of
single-band theories. We apply our theory to two candidate topological superconductors, YPtBi
and CuxBi2Se3, and show that the novel s-wave states display an enhanced resilience against dis-
order, which extends to momentum-dependent pairing states with the same crystal symmetry. The
robustness of the s-wave states can be quantified in terms of their superconducting fitness, which
can be readily evaluated for model systems.
Introduction.—It is a textbook result that the critical
temperature Tc of a conventional s-wave spin-singlet su-
perconductor is insensitive to nonmagnetic disorder [1].
This is a consequence of Anderson’s theorem [2]: since
this state has an isotropic gap and pairs electrons in
time-reversed partner states, there is no depairing effect
from the time-reversal-invariant scattering off the impu-
rities. On the other hand, the sign-reversing gaps of un-
conventional superconductors are averaged to zero by the
impurity-scattering across the Fermi surface, and these
pairing states are suppressed by weak disorder with nor-
mal state scattering time (ST) τ ∼ (kBTc)−1.
Recently there has been much interest in s-wave pair-
ing states which do not pair time-reversed partner states.
This can occur in systems where the fermions have addi-
tional discrete degrees of freedom apart from their spin,
such as orbital or sublattice indices, permitting novel
ways to satisfy the fermionic antisymmetry requirement
of the Cooper pair wavefunction in a relative s-wave, e.g.
a spin-triplet orbital-singlet state. Such pairing states
typically belong to a nontrivial irreducible representa-
tion (irrep) of the point group. They have been pro-
posed in a variety of materials [3–8], but here we fo-
cus on CuxBi2Se3 [9] and YPtBi [10]. Experiments in-
dicate a fully-gapped nematic superconducting state in
CuxBi2Se3 [11–13], which naturally arise from a time-
reversal-invariant combination of the odd-parity s-wave
states in the Eu irrep [14]. In YPtBi there is evidence
of a nodal superconducting gap [15], which could be ex-
plained by a time-reversal symmetry-breaking combina-
tion of even-parity s-wave states [10].
Since the novel s-wave states do not pair time-reversed
partners, Anderson’s theorem does not apply and we may
expect them to be highly sensitive to disorder. Indeed,
expressed in a psuedospin basis, the novel s-wave states
show a sign-changing gap, which averages to zero across
the Fermi surface [10, 16]. However, since the impurity
potential in the pseudospin basis may be anisotropic, it
is not safe to assume that the impurity-averaged gap is
vanishing. Indeed, it was shown in Ref. [17] that such
an anisotropy does occur in CuxBi2Se3, and can grant
the novel s-wave A1u state significant robustness against
disorder. It is nevertheless unclear if a general principle
underlies this result, or if it can be generalized to other
pairing states.
In this paper we use the self-consistent Born approx-
imation to study the effect of disorder on the criti-
cal temperature of a superconducting state in a system
where the fermions have four degrees of freedom. Within
this general framework, we find that an arbitrary state
may show a enhanced robustness against disorder if it
is in the same irrep as a nontrivial s-wave state. As
concrete examples, we apply our theory to YPtBi and
CuxBi2Se3. We find that nontrivial s-wave states indeed
show a parametrically-enhanced robustness against dis-
order, which is shared with other states in the same irrep
according to their similarity at the Fermi surface. The ro-
bustness of the s-wave states can be quantified in terms of
the superconducting fitness [18, 19], which may be readily
calculated for any model Hamiltonian. Although robust
unconventional states are generally possible, our theory
shows that systems with nontrivial inversion operator are
particularly favourable.
General theory.—Our starting point is a generic model
of a fermionic system with four internal degrees of free-
dom that is invariant under time reversal and inver-
sion. The normal-state Hamiltonian is H =
∑
k c
†
kHkck,
where ck is a four component spinor encoding the inter-
nal degrees of freedom, and the matrix Hk is written
Hk = k,0 14 + ~k · ~γ , (1)
where 14 is the 4 × 4 unit matrix and ~γ =
(γ1, γ2, γ3, γ4, γ5) is the vector of the five mutually-
anticommuting Euclidean Dirac matrices. The real func-
tions k,0 and ~k = (k,1, k,2, k,3, k,4, k,5) are the co-
efficients of these matrices. The Hamiltonian in Eq. (1)
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2has the doubly degenerate eigenvalues Ek,± = k,0±|~k|.
The internal degrees of freedom can either transform triv-
ially (I = 14) or nontrivially (I = γ1) under inversion.
Without loss of generality, we set the unitary part of the
time-reversal operator UT = γ
3γ5.
The pairing potential for a general superconducting
state is ∆k = ∆˜kUT where
∆˜k = ∆0,k14 +
5∑
α=1
∆α,kγ
α +
5∑
α=1,α<β
∆αβ,kγ
αγβ . (2)
where the coefficients of the matrices are chosen such
that fermionic antisymmetry ∆k = −∆T−k is satisfied.
Since the pairing potential ∆k is a 4 × 4 matrix, there
are six terms in Eq. (2) for which an s-wave form fac-
tor is permitted. This is always possible for the first
term, which describes pairing between electrons in time-
reversed partner states, and hence generalizes the s-wave
spin-singlet state in a single-band system. The other five
s-wave channels do not generally pair electrons in time-
reversed pairs, and can occur in either the second or third
terms in Eq. (2). These additional s-wave channels typi-
cally belong to nontrivial irreps.
We consider isotropic scattering off potential impuri-
ties distributed randomly at positions rj , described by
the Hamiltonian
Himp =
V
Ω
∑
j
∑
k,k′
ei(k
′−k)·rjc†kck′ (3)
where V is the impurity potential and Ω is the vol-
ume. Within the self-consistent Born approximation, the
Green’s functions of the disordered system are
G¯(k, iωn) =
∑
j
1
iω˜n,j − Ek,j Pk,j (4)
where Pk,± = 12 (14 ± ˆk · ~γ) projects into the ± states at
momentum k and ˆk = ~k/|~k|. The effect of impurities is
accounted for in the renormalized Matsubara frequencies
ω˜n,j = ωn − (2τk,j)−1sgn(ωn), where the ST in band j is
given by
1
τk,j
= pinimpV
2
∑
l=±
Nl (1 + jlˆk · 〈ˆk〉FS,l) . (5)
Here nimp is the concentration of impurities, Nl is the
density of states of band l at the Fermi surface, and
〈. . .〉FS,l denotes the average over the Fermi surface of this
band. In the following we will assume a weak momentum-
dependence of the ST and replace τ−1k,j by its Fermi sur-
face average in Eq. (4).
To determine the critical temperature in the presence
of impurity scattering, we solve the linearized gap equa-
tion including the impurity ladder diagrams
1 =
g
2β
∑
iωn
∫
d3k
(2pi)3
Tr{∆†kG¯(k, iωn)(∆k+Σ2)G¯h(k, iωn)}
(6)
where G¯h(k, iωn) = G¯
T (−k, iωn) is the Green’s function
for the holes, g < 0 is the attractive interaction, and Σ2 is
the anomalous self-energy due to the impurity scattering.
The self-energy obeys the self-consistency equation
Σ2 = −nimpV 2
∫
d3k
(2pi)3
G¯(k, iωn)(∆k + Σ2)G¯h(k, iωn) .
(7)
The anomalous self-energy vanishes unless the lowest-
order contribution is nonzero:
Σ
(0)
2 = −nimpV 2
∫
d3k
(2pi)3
G¯(k, iωn)∆kG¯h(k, iωn)
= pinimpV
2
∑
j=±
Nj
|ω˜n,j | 〈Pk,j∆˜kPk,j〉FS,jUT (8)
Equation Eq. (8) is the central result of our analysis. Be-
cause of the nontrivial form of the projection operators,
the Fermi-surface average will not necessarily vanish for
an unconventional state. Moreover, since Σ
(0)
2 (and hence
Σ2) is independent of momentum, it must belong to one
of the s-wave channels, and can thus be nonzero for any
state in the same irrep. As we shall see, this modifies the
solution of Eq. (6) such that these states acquire some
protection against the disorder. This represents a major
difference to the single-band case, where the trivial form
of the projection operators implies that the Fermi-surface
average vanishes for any state with a sign-changing gap,
and the critical temperature is suppressed in a universal
fashion [1].
Although our theory applies to a general two-band sys-
tem, the presence of multiple Fermi surfaces considerably
complicates the analysis. To reveal the universal physics,
in the following we study two examples where only one
of the bands intersects the Fermi energy.
YPtBi.—YPtBi is a zero-band-gap semimetal, where
the states close to the Fermi energy belong to the Γ8
band. Ignoring a weak antisymmetric spin-orbit cou-
pling due to the broken inversion symmetry [10], this
is described by the Luttinger-Kohn model for the j = 32
states in a cubic material
H = (α|k|2 − µ)14 + β1
∑
i
k2i J
2
i + β2
∑
i 6=j
kikjJiJj . (9)
The j = 32 internal angular momentum of the electrons
constitutes the four degrees of freedom in our general
model, and the γ matrices in Eq. (1) can be parameter-
ized as ~γ = ( 1√
3
(J2x − J2y ), 13 (2J2z − J2x − J2y ), 1√3{Jy, Jz},
1√
3
{Jx, Jz}, 1√3{Jx, Jy}) with ~k = (
√
3β1(k
2
x − k2y)/2,
β1(3k
2
z − |k|2)/2,
√
3β2kykz,
√
3β2kxkz,
√
3β2kxky). The
j = 32 index transforms trivially under inversion. Experi-
ments show hole-like carriers in YPtBi, and so we set the
chemical potential to lie in the lower band.
The six s-wave pairing states in YPtBi are tabulated
in Table I. Apart from the A1g singlet state, there are
3irrep A1g Eg T2g
∆˜ 14 γ1 γ2 γ3 γ4 γ5
l, λl = 1 all 1 2 3 4 5
l, λl = −1 none 2,3,4,5 1,3,4,5 1,2,4,5 1,2,3,5 1,2,3,4
Table I. The six s-wave pairing states for YPtBi. The first line
gives the irrep, the second line gives the form of the pairing
potential in terms of the γ matrices defined in the text, and
the third and fourth lines give the values of l such that λl = 1
and λl = −1, respectively.
also five quintet states which pair electrons with total
internal angular momentum J = 2, and which belong to
the Eg and T2g irreps. From the linearized gap equation,
the critical temperature Tc of the s-wave state in channel
ν is given by the solution of
log
(
Tc
Tc0
)
= ψ
(
1
2
)
− ψ
(
1
2
+
1
4pikBTcτν
)
(10)
where Tc0 is the critical temperature in the absence of
disorder, ψ(z) is the digamma function, and the effective
ST is
1
τν
=
1
4τ0
(
1−
5∑
l=1
λl〈ˆ2k,l〉FS
)
(11)
with τ−10 = 2pinimpV
2N , and λl = ±1 is tabulated for
each channel in Table I. We see that λl = +1 increases
the effective ST, whereas λl = −1 brings it closer to the
normal-state value τ = 2τ0. Since all λl = 1 for the A1g
s-wave state, we find that τ−1A1g = 0 and it is hence insen-
sitive to disorder, as expected from Anderson’s theorem.
The effective ST of the other s-wave states also exceeds
the normal state value, as in each case there is one l for
which λl = +1. This gives a modest degree of protection
against disorder, as shown in Fig. 1. The slightly greater
stability of the Eg states over the T2g is due to the weak
cubic anisotropy in our model.
The enhanced stability of the nontrivial s-wave states
extends to other pairing potentials: the critical temper-
ature for an arbitrary state ∆˜k satisfies
log
(
Tc
Tc0
)
=ψ
(
1
2
)
−
(
1− αν(∆˜k)
)
ψ
(
1
2
+
1
4pikBTcτ0
)
− αν(∆˜k)ψ
(
1
2
+
1
4pikBTcτν
)
, (12)
where
αν(∆˜k) =
〈Tr{∆˜†kPk∆˜νPk}〉2FS
〈Tr{∆˜†kPk∆˜kPk}〉FS〈Tr{∆˜†νPk∆˜νPk}〉FS
.
(13)
This parameter measures the similarity of ∆˜k to the s-
wave state ∆˜ν at the Fermi surface. The closer αν is
to one, the more similar these states are to one another,
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Figure 1. Critical temperature Tc for various gaps in the
Eg and T2g irreps as a function of the disorder strength
nimppiV
2N in YPtBi. The line τν = τ corresponds to the
case where the effective ST in Eq. (10) is equal to the normal-
state ST, which applies to all other nontrivial irreps. We use
parameters for the normal-state Hamiltonian Eq. (9) from
Ref. [10].
irrep A1g A1g A1u A2u Eu
∆˜ 14 γ1 iγ1γ5 iγ1γ2 iγ1γ3 iγ1γ4
l, λl = 1 all 1 2,3,4 3,4,5 2,4,5 2,3,5
l, λl = −1 none 2,3,4,5 1,5 1,2 1,3 1,4
Table II. The six s-wave pairing states for CuxBi2Se3. The
first line gives the irrep, and the second line gives the form
of the pairing potential in terms of the γ matrices defined in
the text. The third and fourth lines give the values of l such
that λl = 1 and λl = −1, respectively.
and hence their response to disorder is also similar. In
this way, a general state in an irrep with a nontrivial s-
wave pairing potential can also acquire some robustness
against disorder. Indeed, as shown in Fig. 1, the singlet
d-wave Eg state ∆˜dx2−y2 =
(
kˆ2x − kˆ2y
)
14 is almost as
stable against disorder as the quintet s-wave Eg states.
CuxBi2Se3.—The low-energy electron states in
CuxBi2Se3 derive from pz-like orbitals which are located
on opposite sides of each Bi2Se3 quintuple layers,
implying a sublattice degree of freedom. The k · p
Hamiltonian for these states to lowest order in k for
each term is given by [20]
H =− µσ0 ⊗ η0 +mσ0 ⊗ ηx + vzkzσ0 ⊗ ηy
+ v(kxσy − kyσx)⊗ ηz + λkx(k2x − 3k2y)σz ⊗ ηz
(14)
where σν and ην are the Pauli matrices in spin and sub-
lattice space, respectively. We choose the γ matrices to
be ~γ = (σ0 ⊗ ηx, σ0 ⊗ ηy, σx ⊗ ηz, σy ⊗ ηz, σz ⊗ ηz). The
copper intercalation in CuxBi2Se3 dopes electrons into
the system, giving a Fermi surface in the upper band.
The six s-wave pairing channels in CuxBi2Se3 are sum-
marized in Table II: In addition to two A1g states, there
are also four odd-parity states, which are permitted due
to the swapping of the sublattice index under inversion.
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Figure 2. Critical temperature Tc for various gaps in the A1u,
A2u, and Eu irreps as a function of the disorder strength
nimppiV
2N in CuxBi2Se3. The line τν = τ corresponds to the
case where the effective ST in Eq. (10) is equal to the normal-
state ST, which applies to all other nontrivial irreps. We use
parameters for the normal-state Hamiltonian Eq. (14) from
Ref. [20] and set µ = 0.5eV [21].
The A1g states are insensitive to disorder [17], although
the analysis is more involved than for YPtBi since the
anomalous self-energy includes components from both
pairing potentials. The critical temperatures of the odd-
parity channel ν is the solution of Eq. (10) where the
effective ST is
1
τν
=
1
4τ0
(
1 + 2〈ˆk,1〉2FS −
5∑
l=1
λl〈ˆ2k,l〉FS
)
, (15)
and the λl are tabulated in Table II. The second term
in the brackets is due to the contribution of the orbital
degrees of freedom to the normal-state lifetime. We plot
the critical temperature as a function of disorder strength
for each channel in Fig. 2. Other odd-parity states in
CuxBi2Se3 also enjoy some degree of protection against
disorder. In particular, a nontrivial dependence on the
sublattice degrees of freedom is not required. For exam-
ple, consider the two p-wave spin-triplet sublattice-trivial
pairing states in A1u:
A
(a)
1u : ∆˜k = kˆzσz ⊗ η0 (16)
A
(b)
1u : ∆˜k = kˆxσx ⊗ η0 + kˆyσy ⊗ η0 (17)
As shown in Fig. 2, the robustness of these p-wave states
is comparable to the A2u and Eu s-wave states, because
of their overlap with the significantly more stable A1u
s-wave state.
Discussion.—Our analysis reveals a remarkable robust-
ness of the nontrivial s-wave pairing states against dis-
order, which is manifested by an effective ST which can
greatly exceed the normal-state ST. The s-waves state
play a crucial role, as their robustness can be shared with,
but not exceeded by, any other state in the same irrep.
Since they do not exclusively pair time-reversed part-
ners, the nontrivial s-wave states may involve both pair-
ing of electrons in the same (intraband pairing) and
different (interband pairing) bands. To quantify the
degree of interband pairing for a pairing state ∆˜k at
wavevector k, Ref. [19] introduced the quantity FC(k) =
1
4Tr{|[Hk, ∆˜k]|2}, where the commutator [Hk, ∆˜k] is re-
ferred to as the “superconducting fitness” [22] and is van-
ishing if there is no interband pairing [18]. Remarkably,
the effective ST of the s-wave state in channel ν can be
expressed in terms of the Fermi surface average of this
quantity:
1
τν
=
1
τ
− 1
2τ0
(
1− F˜C
)
(18)
Here F˜C = 〈FC(k)/|~k|2〉FS is normalized such that F˜C =
1 (0) implies completely interband (intraband) pairing.
The effective ST, and hence robustness against disorder,
is enhanced according to the degree that the s-wave state
involves intraband pairing. This result follows from the
observation that λl = +1 (−1) when the commutator
[γl, ∆˜ν ] = 0 (2γ
l∆˜ν). We emphasize that Eq. (18) only
applies to the s-wave states: for other states, the value of
F˜C does not supply any information about the robustness
against disorder.
The extreme limit where a nontrivial s-wave potential
∆˜ν commutes with the Hamiltonian (i.e. F˜C = 0) is
instructive. As shown in [9], the Bogoliubov-de Gennes
Hamiltonian can then be mapped to that for the trivial
s-wave state using ck → exp(ipi4 ∆˜ν)ck. This global trans-
formation leaves the impurity Hamiltonian invariant, and
so the nontrivial s-wave state is insensitive to nonmag-
netic disorder. The Hamiltonian will generally contain
terms which do not commute with ∆˜ν (i.e. F˜C > 0),
however, which spoils this correspondence. Nevertheless,
the nontrivial s-wave state will retain some robustness
against disorder.
This effect is very sensitive to the material parame-
ters. For example, the robustness of the odd-parity s-
wave states in CuxBi2Se3 is greatly enhanced by reduc-
ing the mass term m in Eq. (14) [17, 23]. Equation (18)
gives a simple diagnostic for the existence of a highly-
robust nontrivial irrep in a general system: there must
be an s-wave state in this irrep such that F˜C  1. A
nontrivial inversion operator is highly desirable: in this
case, the odd-parity s-wave states involve the product of
two γ matrices (one of which is the inversion operator),
and hence commute with three γ matrices in the gen-
eral Hamiltonian Eq. (1). In contrast, the even-parity
s-wave states commute with only one γ matrix Hamilto-
nian when inversion is trivial. Assuming roughly equal
values of all the coefficients k,l at the Fermi surface, it
immediately follows that F˜C will generically be smaller
for the s-wave states in the system with nontrivial inver-
sion. This is exemplified by the greater robustness of the
s-wave states in CuxBi2Se3 compared to YPtBi.
Conclusions.—In this manuscript we have shown that
unconventional superconducting states in multiband sys-
tems are generically less sensitive to the presence of non-
5magnetic disorder than unconventional states in single-
band materials. The enhanced stability occurs for states
in irreps for which there is a nontrivial s-wave state. The
degree to which an s-wave state is robust against disorder
can be quantified in terms of the Fermi surface average
of the superconducting fitness parameter, and provides
an upper bound for the stability of all other states in the
same irrep. Our theory offers a straightforward way to
assess the robustness against disorder of unconventional
pairing states for any multiband system, and can thus
guide the search for novel superconducting states.
This work was supported by the Marsden Fund of the
Royal Society of New Zealand.
During final preparation of our manuscript we became
aware of Ref. [24] where a similar analysis was per-
formed. There is a discrepancy in the results for the effec-
tive ST: in our manuscript this involves the superconduct-
ing fitness with respect to the normal-state Hamiltonian,
which gives a parametric enhancement of the robustness
of the s-wave states. In Ref. [24], however, the effective
ST is defined in terms of the superconducting fitness with
respect to the impurity Hamiltonian, resulting in a com-
plete insensitivity to disorder. We note that our results
are in accordance with previous studies [17].
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